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E-mail address: caglar.oskay@vanderbilt.edu (C. OThis manuscript presents a nonlocal homogenization model for the analysis of wave dispersion and
energy dissipation in bimaterial viscoelastic composites subjected to dynamic loading conditions. The
proposed model is derived based on the asymptotic homogenization method with multiple spatial scales
applied in the Laplace domain. Asymptotic expansions of the associated response ﬁelds up to fourth order
are employed to account for wave dispersions induced by the microscopic heterogeneities. The solution
of the nonlocal homogenization approach is obtained in semi-analytical form in the Laplace domain and
discrete inverse Laplace transform method is employed to approximate the response ﬁelds in the time
domain. Numerical examinations are carried out to verify the proposed model and assess its capabilities
compared to the standard (i.e., local) homogenization and the analytical solutions of composite beams
subjected to dynamic loading conditions. Investigations reveal that the nonlocal model accurately
accounts for wave dispersions and heterogeneity induced attenuation. A parametric analysis is conducted
to identify the relationship between microstructure and heterogeneity induced attenuation under high-
frequency loading.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Composites and other heterogeneous materials exhibit complex
response patterns when subjected to dynamic loading conditions
due to the intrinsic wave interactions at the interfaces between
material constituents. The complexity of the dynamic response in
heterogeneous materials also provides tremendous opportunities
for devising tailored microstructures with optimal functional char-
acteristics such as cloaking, impact and blast resistance, health
monitoring and others. The development of such tailored micro-
structures for optimal performance requires a deeper understand-
ing of the pertinent microstructure – property relationships. This
research is aimed at understanding the relationship between the
material microstructure and energy dissipation characteristics of
viscoelastic bimaterial composites for impact and blast response
applications. We particularly focus on modeling energy dissipation
and wave dispersion phenomena in dynamic response of heteroge-
neous viscoelastic materials.
It is well known that heterogeneous materials exhibit wave
dispersion when the characteristic length of the traveling waves
approach the size of the material microstructure (Porubov et al.,
2009; Rubin et al., 1995), altering the shape and velocity ofll rights reserved.
1831, 2301 Vanderbilt Place,
skay).propagating waves. The realization of this phenomena dates back
to the classical works of Cosserat and Cosserat (1909), Mindlin
(1964) and Eringen and Suhubi (1964). The effects of micro-inertia
and dispersion have been recently modeled using a number of
approaches such as gradient enhancement (Bennett et al., 2007),
time-harmonic Bloch expansions (Santosa and Symes, 1991), scale
bridging through Hamilton’s principle (Wang and Sun, 2002), and
models based on Mindlin’s theory (Engelbrecht et al., 2005;
Gonella et al., 2011). These approaches typically involve incorpora-
tion of high order strain and inertia gradient terms to the
macroscopic equations of motion, which has been demonstrated
to be effective in the context of stiff composites undergoing small
deformations.
Mathematical homogenization provides an alternative ap-
proach for modeling wave dispersion in heterogeneous materials.
Rooted in the works of Sánchez-Palencia (1980), Bensoussan
et al. (1978) and Bakhvalov and Panasenko (1989) and others,
mathematical homogenization has been used to evaluate the
mechanical response of heterogeneous materials under static and
quasi-static loading, as well as dynamic problems involving long
wavelengths compared to the characteristic size of the heterogene-
ity (e.g., Guedes and Kikuchi, 1990; Terada and Kikuchi, 1995;
Crouch and Oskay, 2010). The theory of mathematical homogeni-
zation with multiple spatial and temporal scales has also been em-
ployed to devise dispersion models for dynamic response of linear
elastic heterogeneous materials in the context of one-dimensional
Fig. 1. Problems at macroscale and microscale.
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2002a; Bakhvalov and Eglit, 2005; Andrianov et al., 2008). In prin-
ciple, wave dispersion effects are introduced by considering high
order terms in the asymptotic expansion of the response ﬁelds.
The models derived based on the mathematical homogenization
theory were shown to accurately account for wave dispersions.
In contrast to the elastic dispersion models, the literature on
modeling the dynamic behavior of dispersive viscoelastic compos-
ites is relatively scarce. Chin-Teh (1971) investigated the propaga-
tion of transient cylindrical shear waves in functionally graded
viscoelastic bodies, in which the creep function varies along the
radial direction. Wave propagation was modeled using the theory
of propagating surfaces of discontinuities. Nayfeh (1974) used a
discrete lattice model to simulate transient response of periodic,
semi-inﬁnite, elasto-viscoelastic composites. The dispersive
solution was obtained by resolving the characteristic equations
for the lattice model in the Laplace domain and subsequently
transforming the solution to the time domain. Ting (1980) carried
out an investigation of a semi-inﬁnite periodic layered composite
where two viscoelastic materials are alternately positioned. The
Laplace transform and asymptotic expansion of the relaxation
modulus are used to achieve the dispersive solution. Mukherjee
and Lee (1975) conducted an analysis of the dispersion and mode
shapes for free vibrations in inﬁnite laminated media. The complex
modulus formulation was employed to linearize the governing dif-
ferential equations. A ﬁnite difference discretization and quasi
periodic boundary conditions were used to solve the complex
eigenvalue problem. More recently, plane harmonic waves in
unbounded periodic viscoelastic composite materials were investi-
gated by Naciri et al. (1994). The complex modulus function based
governing equations were solved using the ﬁnite element method
to investigate the relationship between damping and dispersion.
Abu-Alshaikh et al. (2001) considered two dimensional transient
waves propagating in an N-layer viscoelastic medium idealized
by a two-term Prony series. The governing hyperbolic equations
in the Fourier domain were transformed to canonical equations
by the method of characteristics and the solutions were obtained
using step-by-step integration. Tsai and Prakash (2005) investi-
gated the decay in the elastic precursor and late time dispersion
of weak shock waves in layered composites based on the Laplace
transform associated with Floquet’s theorem. Jiangong (2011)
idealized the response of shear waves with the Kelvin–Voigt model
in functionally graded viscoelastic plates. The dispersive solution
was obtained by approximating the response ﬁelds using a Legen-
dre orthogonal polynomial series.
Despite the seminal contributions on modeling and character-
ization of the dynamic response of viscoelastic heterogeneous
materials, modeling the effect of microstructure induced disper-
sion on the dissipative characteristics of viscous composites, a
key fundamental knowledge for devising tailored microstructures
for impact and blast mitigation, remains to be identiﬁed. In this
manuscript, we propose a one-dimensional nonlocal homogeniza-
tion model for the relationship between microstructure and energy
dissipation characteristics of a bimaterial composite. The present
work applies the mathematical homogenization theory with multi-
ple scales in the Laplace domain to formulate the nonlocal model.
To the best of the authors’ knowledge, previous dispersion models
based on mathematical homogenization theory have been only
applied to problems deﬁned in the time domain and for elastic
material response. Fourth order asymptotic expansions are used
to account for the microscopic dynamics causing dispersion, and
the microscopic spatial coordinate is eliminated in the governing
equations avoiding the expensive computation at multiple spa-
tio-temporal scales. Fourth is the lowest order in the asymptotic
series (hence the simplest and most efﬁcient model within the
model hierarchy) with which, the wave dispersion and thedispersion induced wave attenuation can be modeled. It is possible
to construct higher order homogenization models through the
inclusion of additional terms in the asymptotic expansions. For in-
stance, Fish and Chen (2001) investigated fourth and sixth order
homogenization models in the context of elastic composites. While
the higher (i.e., sixth) order terms increase accuracy in capturing
the dispersion effects, the fourth order model was shown to be
accurate in the range of applicability of the homogenization
approach, which is controlled by the impedance mismatch, ratio
between the micro- and macrostructure size, as well as impulse
characteristics. The solution of the nonlocal homogenization
approach is obtained in the semi-analytical form in the Laplace do-
main and discrete inverse Laplace transform method is employed
to approximate the response ﬁelds in the time domain. The capa-
bilities of the proposed model are veriﬁed against the analytical
solution and the classical (local) homogenization model for accu-
racy and computational cost. A parametric analysis is conducted
to identify the relationship between microstructure and heteroge-
neity induced attenuation under high frequency loading.
The remainder of this manuscript is organized as follows:
Section 2 presents the description of the multiscale problem in
the time and Laplace domains. Section 3 derives the governing
equations for the nonlocal homogenization model based on the
high-order asymptotic expansion method in the Laplace domain.
Section 4 presents the solution methodologies employed to evalu-
ate the nonlocal and local homogenization models as well as direct
analytical evaluation of the governing equations of motion. This
section also provides the implementation of dissipated energy
computation and the discrete inverse Laplace transform method.
Section 5 includes numerical results for heterogeneous beam
structures subjected to step and sinusoidal boundary conditions,
and concluding remarks are presented in Section 6.
2. Problem setting
Consider a one-dimensional bimaterial heterogeneous body as
illustrated in Fig. 1. The domain of the body, X ¼ ½0; L is formed
by the repetition of a locally periodic microstructure, H. The size
of the material microstructure is taken to be small compared to
the overall size of the macroscopic domain. Denoting x and y as
the position coordinates at the scales of the macro- and micro-
structures, respectively, the two scales are related by a small scal-
ing parameter: y ¼ x=f; where, 0 < f  1 is the ratio between the
characteristic size of the microstructure and the length of the trav-
eling waves along the heterogeneous body.
Let f fðx; tÞ be an arbitrary response ﬁeld, which oscillates in
space due to ﬂuctuations induced by the material heterogeneity.
We consider the following two scale decomposition of the original
single position coordinate:
f fðx; tÞ ¼ f ðx; yðxÞ; tÞ ð1Þ
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on the microstructural heterogeneity; and, t denotes time. The spa-
tial derivative of f f is computed by the chain rule as:
f f;xðx; tÞ ¼ f ;xðx; y; tÞ þ
1
f
f ;yðx; y; tÞ ð2Þ
where, a subscript followed by a comma denotes differentiation, re-
peated subscripts denotes higher order differentiation. The re-
sponse ﬁelds are taken to be spatially periodic throughout the
deformation process:
f ðx; y; tÞ ¼ f ðx; yþ l^; tÞ; 8x 2 X ð3Þ
in which, l^ denotes the period of the microstructure in the stretched
coordinate system, y (Fig. 1).
2.1. Governing equations in the time domain
In the time domain, the deformation response of the heteroge-
neous body subjected to dynamic loading conditions is governed
by the momentum balance equation in the form:
rf;xðx; tÞ ¼ qfðxÞuf;ttðx; tÞ ð4Þ
in which, rf and uf are the stress and displacement ﬁelds, respec-
tively; and, qf denotes density. A generalized viscoelastic model de-
scribed by the Duhamel’s integral is employed to provide the
constitutive response of the material constituents:
rfðx; tÞ ¼
Z t
0
gfðx; t  sÞf;sðx; sÞds ð5Þ
where, gf is the modulus function; and, f denotes the strain ﬁeld,
assuming small strain kinematics:
fðx; tÞ ¼ uf;xðx; tÞ ð6Þ
The dynamic loads are imparted on the heterogeneous body
based on prescribed displacements along the boundaries of the do-
main. We consider the following initial and boundary conditions:
ufðx;0Þ ¼ u0ðxÞ; vfðx;0Þ ¼ v0ðxÞ ð7Þ
ufð0; tÞ ¼ 0; ufðL; tÞ ¼ ~uðtÞ ð8Þ
in which, L is the length of the heterogeneous body; vf ¼ uf;t the
velocity ﬁeld; and, u0 , v0 and ~u are prescribed initial and boundary
data.
2.2. Governing equations in the Laplace domain
The particular forms of the generalized viscoelastic constitutive
model and the momentum balance equation permit a simpler
description of the governing boundary value problem in the La-
place domain. In this section, we introduce the key characteristics
of the Laplace transform employed in the formulation and recast
the governing system of equations in the Laplace domain.
The Laplace transform of an arbitrary, real valued, time varying
function, f 2 R, is deﬁned as:
f ðsÞ Lðf ðtÞÞ ¼
Z 1
0
est f ðtÞdt ð9Þ
where, the Laplace argument, s and the Laplace transform, f , are
complex valued (i.e., s 2 C and f :¼ C! C). Overbar on a response
function indicates the Laplace transform, and the representation
of a function or an equation in the Laplace domain is referred to
as associated function or equation throughout the remainder of this
manuscript. The derivative rule for the Laplace transform is given
as:Lðf; tt . . . t|ﬄﬄﬄ{zﬄﬄﬄ}n timesðtÞÞ ¼ snf ðsÞ  sn1f ð0Þ      f; tt . . . t|ﬄﬄﬄ{zﬄﬄﬄ}
n1 times
ð0Þ ð10Þ
and the convolution integral rule is given as:
L
Z t
0
f1ðt  nÞf2ðnÞdn
 
¼L
Z t
0
f1ðnÞf2ðt  nÞdn
 
¼Lðf1ÞLðf2Þ ð11Þ
Considering a statically undeformed initial condition (i.e.,
u0ðxÞ ¼ v0ðxÞ ¼ 0), taking the Laplace transform of the momentum
balance equation (Eq. (4)) and employing the derivative rule for the
Laplace transform (Eq. (10)) yield the associated momentum bal-
ance equation:
rf;xðx; sÞ ¼ qfðxÞs2ufðx; sÞ ð12Þ
Applying the convolution integral rule (Eq. (11)) to the constitutive
equation of the viscoelastic constituents (Eq. (5)) and using Eq. (10)
yield the associated constitutive law:
rfðx; sÞ ¼ Efðx; sÞfðx; sÞ ð13Þ
in which, the associated modulus function in the Laplace domain,
Ef, is related to the modulus function, gf as:
Efðx; sÞ ¼ sL gfðx; tÞ  ð14Þ
Taking the Laplace transform of the boundary conditions yields
the associated boundary conditions:
ufð0; sÞ ¼ 0; ufðL; sÞ ¼ u^ðsÞ ð15Þ
in which, u^ is the Laplace transform of the known boundary data, ~u.
The governing equations of the dynamic response of the heteroge-
neous body deﬁned in the Laplace domain is summarized in Box 1.Box 1: Governing boundary value problem in the Laplace
domain.
Given qf, Ef, and u^; find uf 2 C such that in x 2 X and s 2 C
Momentum balance: rf;xðx; sÞ ¼ qfðxÞs2ufðx; sÞ
Kinematics equation: fðx; sÞ ¼ uf;xðx; sÞ
Constitutive equation: rfðx; sÞ ¼ Efðx; sÞuf;xðx; sÞ; Efðx; sÞ ¼
sL gfðx; tÞð Þ
Boundary conditions: ufð0; sÞ ¼ 0; ufðL; sÞ ¼ u^ðsÞThe density and modulus are taken to vary as a function of the
microscale coordinate only. For a bimaterial microstructure:
Ef ¼ Eðy; sÞ ¼ E1ðsÞ if y 2 H
ð1Þ
E2ðsÞ if y 2 Hð2Þ
(
ð16Þ
qf ¼ qðyÞ ¼ q1 if y 2 H
ð1Þ
q2 if y 2 Hð2Þ
(
ð17Þ
where,Hð1Þ andHð2Þ are the domains of phases 1 and 2, respectively,
such thatH ¼ Hð1Þ [Hð2Þ; and, E1;q1f g and E2;q2f g are the material
parameters deﬁning the corresponding phases.
3. Nonlocal homogenization
In this section, a nonlocal homogenization model is devised for
the dynamic response of viscoelastic bimaterial composites by
applying the mathematical homogenization theory with multiple
spatial scales on the governing equations deﬁned in the Laplace do-
main. The derivation follows the procedure originally proposed by
Fish et al. (2002b), who devised a nonlocal homogenization model
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matical homogenization theory in the time domain.
We start by approximating displacement based on the asymp-
totic expansion of the form:
ufðx; tÞ  uðx; y; tÞ ¼ u0ðx; tÞ þ fu1ðx; y; tÞ þ f2u2ðx; y; tÞ
þ f3u3ðx; y; tÞ þ Oðf4Þ ð18Þ
where, u0 denotes the macroscopic displacement ﬁeld and is inde-
pendent of the microstructure; and, ui are spatially oscillatory
high-order displacement ﬁelds. By linearity of the Laplace trans-
form, the associated displacement ﬁeld is also expressed in terms
of the asymptotic series:
uðx; y; sÞ ¼ u0ðx; sÞ þ fu1ðx; y; sÞ þ f2u2ðx; y; sÞ þ f3u3ðx; y; sÞ þ Oðf4Þ
ð19Þ
Substituting Eq. (19) into the associated constitutive law (Eq.
(13)), the stress–strain relationships at any order are obtained as:
OðfiÞ : ri x; y; sð Þ ¼ Eðy; sÞðui;x þ uiþ1;yÞ; i ¼ 0;1; . . . ð20Þ
Substituting Eq. (19) and the constitutive equations at various
orders (Eq. (20)) into the associated momentum balance equation
(Eq. (12)), the momentum balance equations of orders Oðf1Þ to
Oðf2Þ are expressed as:
Oðf1Þ : Eðy; sÞðu0;x þ u1;yÞ
 
;y ¼ 0 ð21Þ
Oð1Þ : qðyÞu0s2  Eðy; sÞðu0;x þ u1;yÞ
 
;x  Eðy; sÞðu1;x þ u2;yÞ
 
;y ¼ 0
ð22Þ
OðfÞ : qðyÞu1s2  Eðy; sÞðu1;x þ u2;yÞ
 
;x  Eðy; sÞðu2;x þ u3;yÞ
 
;y ¼ 0
ð23Þ
Oðf2Þ : qðyÞu2s2  Eðy; sÞðu2;x þ u3;yÞ
 
;x  Eðy; sÞðu3;x þ u4;yÞ
 
;y ¼ 0
ð24Þ
Considering the balance equations at the lower two orders (Eqs.
(21) and (22)) leads to the classical homogenizationmodel (e.g. Oskay
and Fish, 2007). The classical homogenizationmodel is local in charac-
ter and valid only when displacement wavelengths are large enough
that thewave reﬂections along the bimaterial interfaces are negligible.
TheOðfÞ andOðf2Þ balanceequations introducehighorder terms in the
resulting homogenized equations, leading to a nonlocal homogeniza-
tionmodel that can account for the dispersion induced bywave reﬂec-
tions at material microstructure boundaries.
Consider the O (f1) associated boundary value problem (Eq.
(21)). By linearity, the ﬁrst order microscale associated displace-
ment ﬁeld, u1, is expressed using the following decomposition:
u1ðx; y; sÞ ¼ U1ðx; sÞ þ Hðy; sÞu0;xðx; sÞ ð25Þ
where, H denotes the ﬁrst order microscopic inﬂuence function pro-
viding the oscillatory component of u1, whereas U1 denotes the
macroscopic contribution of u1. Applying Eq. (25) to Eq. (21), a lin-
ear equilibrium equation for the ﬁrst order microscopic inﬂuence
function is obtained:
Eðy; sÞð1þ H;yÞ
	 

;y ¼ 0 ð26Þ
Eq. (26) is evaluated by imposing the periodicity, continuity and
normality conditions. The periodicity of the inﬂuence function fol-
lows from the periodicity of the displacement ﬁeld:
Hðy ¼ 0; sÞ ¼ Hðy ¼ l^; sÞ; r0ðx; y ¼ 0; sÞ ¼ r0ðx; y ¼ l^; sÞ ð27Þ
in which, l^ ¼ l=f; and, l is the physical length of the microstructure.
The continuity of the microscale response ﬁelds across the bimate-
rial interfaces are ensured by imposing the following constraints:lim
m!0
Hðy ¼ a^lþ mþ; sÞ  Hðy ¼ a^l m; sÞ ¼ 0 ð28Þ
lim
m!0
r0ðx; y ¼ a^lþ mþ; sÞ  r0ðx; y ¼ a^l m; sÞ ¼ 0 ð29Þ
where, 0 6 a 6 1 is the volume fraction of phase 1 in the bimaterial
microstructure as shown in Fig. 1. The uniqueness of the inﬂuence
function is ensured by imposing the normality condition on the
microscale associated displacement ﬁeld, u1:
hu1ðx; y; sÞi ¼ U1ðx; sÞ ! hHðy; sÞi ¼ 0 ð30Þ
where, MacCauley brackets, h i, denote the spatial averaging over
the microstructure:
hf i ¼ 1
Hj j
Z
H
f ðx; y; sÞdy ð31Þ
where, j j is the size of the microstructural domain (i.e., Hj j ¼ l^).
Considering the constraints in Eqs. (27)–(30), the inﬂuence function
is evaluated in a closed form as follows,
Hðy; sÞ ¼
ð1aÞðE2ðsÞE1ðsÞÞ
ð1aÞE1ðsÞþaE2ðsÞ y a^l2
 
; y 2 Hð1Þ
aðE1ðsÞE2ðsÞÞ
ð1aÞE1ðsÞþaE2ðsÞ y
ð1þaÞ^l
2
 
; y 2 Hð2Þ
8><
>: ð32Þ
The Oð1Þ homogenized equilibrium equation is obtained by
applying the averaging operator (Eq. (31)) to the associated bal-
ance equation (Eq. (22)). Considering the periodicity of the ﬁrst or-
der associated microscopic stress, r1 yields:
q0u0s
2  E0ðsÞu0;xx ¼ 0 ð33Þ
where, q0 and E0ðsÞ denote the homogenized density and homoge-
nized associated modulus function, respectively:
q0  hqi ¼ aq1 þ ð1 aÞq2 ð34Þ
E0ðsÞ ¼ hEðy; sÞð1þ H;yÞi ¼ E1ðsÞE2ðsÞð1 aÞE1ðsÞ þ aE2ðsÞ ð35Þ
Next, we consider the Oð1Þ associated momentum balance
equation (Eq. (22)). Substituting Eqs. (25) and (33) into Eq. (22)
yields:
Eðy; sÞðu2;y þ U1;x þ Hu0;xxÞ
	 

;y ¼ hðyÞ  1ð ÞE0f gu0;xx ð36Þ
where, hðyÞ ¼ qðyÞ=q0. By linearity, the second order microscale
associated displacement ﬁeld, u2 is expressed as:
u2ðx; y; sÞ ¼ U2ðx; sÞ þ Hðy; sÞU1;xðx; sÞ þ Pðy; sÞu0;xxðx; sÞ ð37Þ
in which, Pðy; sÞ is the second order microscale inﬂuence function.
Considering the periodicity, continuity and normality constraints,
P is uniquely evaluated by Eq. (36) in closed form. Employing the
closed form expression for the second order microscale inﬂuence
function and considering the periodicity of the second order stress
ﬁeld, r2, the OðfÞ homogenized momentum balance equation is ob-
tained by applying the averaging operator to Eq. (23):
q0 U1s
2  E0 U1;xx ¼ 0 ð38Þ
The third order associated microscale displacement ﬁeld, u3 is
determined using the OðfÞ momentum balance equation (Eq.
(23)). Decompositions of the lower order microscale displacement
ﬁelds (Eqs. (25) and (37)) and the homogenized balance equations
(Eqs. (33) and (38)) at Oð1Þ and OðfÞ are substituted into Eq. (23) to
yield:
Eðy; sÞðu3;y þ U2;x þ Hðy; sÞU1;xx þ Pðy; sÞu0;xxxÞ
	 

;y
¼ hðyÞE0ðsÞHðy; sÞ  Eðy; sÞðH þ P;yÞ
	 

u0;xxx
þ ðhðyÞ  1ÞE0ðsÞf gU1;xx ð39Þ
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microscale displacement ﬁeld:
u3ðx; y; sÞ ¼ U3ðx; sÞ þ Hðy; sÞU2;x þ Pðy; sÞU1;xx þ Qðy; sÞu0;xxx ð40Þ
where, Qðy; sÞ is the third order microscale inﬂuence function. Anal-
ogous to the evaluation of the lower order inﬂuence functions, Q is
uniquely determined from the OðfÞ momentum balance equation
provided that the periodicity, continuity and normality conditions
are imposed.
The Oðf2Þ homogenized momentum balance equation is ob-
tained by applying the averaging operator to Eq. (24) and utilizing
the expressions of Pðy; sÞ and Qðy; sÞ:
q0 U2s
2  E0 U2;xx ¼
1
f2
Edu0;xxxx ð41Þ
where,
EdðsÞ ¼ ½að1 aÞ
2ðE1q1  E2q2Þ2E0l2
12q20½ð1 aÞE1 þ aE22
ð42Þ
Consider the average associated displacement ﬁeld up to Oðf3Þ:
Uðx; sÞ ¼ huðx; y; sÞi ¼ u0ðx; sÞ þ fU1ðx; sÞ þ f2 U2ðx; sÞ þ Oðf3Þ ð43Þ
Summing the homogenized momentum balance equations at orders
Oð1Þ; OðfÞ, and Oðf2Þ (Eqs. (33), (38) and (41)), a governing homog-
enized balance equation for U is obtained in the following form:
q0s
2U  E0 U;xx  Ed U;xxxx ¼ 0 ð44Þ
It is important to note that the dispersive behavior is captured
due to the presence of the last term in Eq. (44). The coefﬁcient Ed
introduces a characteristic length term (proportional to l2). Intro-
ducing the dispersive term in the governing equation leads to a
fourth order ordinary differential equation for the evaluation of
associated homogenized displacement ﬁeld, Uðx; sÞ in the Laplace
domain. This is in contrast to the time domain analysis by Fish
et al. (2002b), which leads to a partial differential equation for
the evaluation of the homogenized displacement ﬁeld in the time
domain. Since the governing equation is of the fourth order, the
boundary conditions of the original initial boundary value problem
provided in Eq. (15) is not sufﬁcient to uniquely determine U. We
therefore consider two additional artiﬁcial boundary conditions:
U;xxð0; sÞ ¼ 0; U;xxxðL; sÞ ¼ 0 ð45Þ
The resulting boundary value problem for the homogenized non-
local response of the heterogeneous body subjected to the dynamic
loads is summarized in Box 2.Box 2: Governing boundary value problem for the nonlocal
homogenization model.
Given qf; Ef, and u^; find U 2 C such that in x 2 X and s 2 C
Macro-homogenized equilibrium equation: q0s2U
E0 U;xx  Ed U;xxxx ¼ 0
Essential boundary conditions: Uð0; sÞ ¼ 0 UðL; sÞ ¼ u^ðsÞ
Additional boundary conditions: U;xxð0; sÞ ¼ 0
U;xxxðL; sÞ ¼ 04. Solution procedures
This section provides the analytical solutions of the nonlocal
homogenization model, the classical homogenization model and
the direct single scale boundary value problem. The computation
of the dissipated energy density at a material point in the Laplacedomain and the discrete Laplace transform method employed to
describe the computed response ﬁelds in the time domain are
presented.
4.1. Homogenization models
The fourth order ordinary differential equation for the nonlocal
homogenization model provided in Box 2 is analytically evaluated
by considering the following form for the homogenized displace-
ment ﬁeld:
Uðx; sÞ ¼ AðsÞ sinhðnxÞ þ BðsÞ sinhðgxÞ ð46Þ
in which, the coefﬁcients, A;B; n and g are obtained using the
boundary conditions as:
AðsÞ ¼ u^ðsÞg
3
ðg3  n3Þ sinhðnLÞ ; BðsÞ ¼
u^ðsÞn3
ðn3  g3Þ sinhðgLÞ ð47aÞ
n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E20 þ 4q0Eds2
q
2Ed
vuut
; g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E0 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E20 þ 4q0Eds2
q
2Ed
vuut ð47bÞ
When homogenization is conducted up to order OðfÞ, the for-
mulation described in Section (3) leads to the classical homogeni-
zation model governed by the following second order ordinary
differential equation:
q0s
2u0  E0u0;xx ¼ 0 ð48Þ
Eq. (48) is evaluated analytically using the following form:
u0ðx; sÞ ¼ CðsÞ sinhðuxÞ ð49Þ
The coefﬁcients C andu are obtained using the boundary conditions
as follows:
CðsÞ ¼ u^ðsÞ
sinh uLð Þ ; u ¼
signðReðsÞÞ
V0
s; V0 ¼
ﬃﬃﬃﬃﬃ
E0
q0
s
ð50Þ
where, V0 is the frequency dependent homogenized velocity.
4.2. Original governing equationsBox 3: Summary of the boundary value problem for the nth
microstructure.
Given qi; Ei and u^; find uni 2 C such that in x 2 X and s 2 C
Equilibrium equation: Eiuni ;xixi ðxi; sÞ ¼ qis2uni ðxi; sÞ
Constitutive equation: rni ðxi; sÞ ¼ Eiuni ;xi ðxi; sÞ
Continuous conditions at interfaces: un1ðal; sÞ ¼ un2ð0; sÞ
un2 ð1 aÞl; sð Þ ¼ unþ11 ð0; sÞ
rn1ðal; sÞ ¼ rn2ð0; sÞ rn2 ð1 aÞl; sð Þ ¼ rnþ11 ð0; sÞ
Boundary conditions: u11ð0; sÞ ¼ 0 uN2 ðð1 aÞl; sÞ ¼ u^ðsÞIn this section, we derive the analytical solution of the original
governing boundary value problem summarized in Box 3. The ana-
lytical solution derived in this section is employed as the reference
solution in the numerical simulations that are discussed in the sub-
sequent sections. The analytical solution is obtained by exploiting
the governing equation on each phase of each microstructure along
the heterogeneous body and enforcing continuity across each
bimaterial interface.
We start by numbering microstructures along the beam. At the
nth microstructure (n ¼ 1; . . . ;N, where N denotes total number of
microstructures). We deﬁne two position coordinates x1 and x2 to
parameterize the phase domains Xn1 ¼ ½0;al and Xn2 ¼ ½0; ð1 aÞl,
respectively. The boundary value problem for each phase of the
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placements, uni and stresses, rni at the interfaces are summarized in
Box 3.
The general solution for the equilibrium equation in the bound-
ary value problem is:
uni ðx; sÞ ¼ Ani expðcixÞ þ Bni expðcixÞ ð51Þ
with,
ci ¼
signðReðsÞÞ
Vi
; Vi ¼
ﬃﬃﬃﬃ
Ei
qi
s
ð52Þ
where, Vi is the complex wave velocity of phase i. The displacement
and stress ﬁelds at the boundaries of each phase of the nth micro-
structure read,
un1ð0; sÞ ¼ An1 þ Bn1; rn1ð0; sÞ ¼ An1g1  Bn1g1 ð53Þ
un1ðal; sÞ ¼ An1n1 þ Bn1=n1; rn1ðal; sÞ ¼ An1g1n1  Bn1g1=n1 ð54Þ
un2ð0; sÞ ¼ An2 þ Bn2; rn2ð0; sÞ ¼ An2g2  Bn2g2 ð55Þ
un2ðð1 aÞl; sÞ ¼ An2n2 þ Bn2=n2; rn2ðð1 aÞl; sÞ ¼ An2g2n2  Bn2g2=n2
ð56Þ
with,
n1 ¼ exp c1alð Þ; n2 ¼ exp c2ð1 aÞlð Þ ð57Þ
g1 ¼ E1c1; g2 ¼ E2c2 ð58Þ
The boundary and continuity conditions of displacement and stress
ﬁelds are used to determine the unknowns Ani and B
n
i :
Boundary conditions:
A11 þ B11 ¼ 0 ð59Þ
AN2 n2 þ BN2 =n2 ¼ u^ðsÞ ð60Þ
Displacement continuities:
An1n1 þ Bn1=n1 ¼ An2 þ Bn2 ð61Þ
An2n2 þ Bn2=n2 ¼ Anþ11 þ Bnþ11 ð62Þ
Stress continuities:
An1g1n1  Bn1g1=n1 ¼ An2g2  Bn2g2 ð63Þ
An2g2n2  Bn2g2=n2 ¼ Anþ11 g1  Bnþ11 g1 ð64Þ
Eqs. (59)–(64) are expressed in the following matrix form:
MX ¼ F ð65Þ
where,
Mð4N4NÞ ¼
1 1
n1 1=n1 1 1 0
g1n1 g1=n1 g2 g2
n2 1=n2 1 1
g2n2 g2=n2 g1 g1
. .
.
n1 1=n1 1 1
0 g1n1 g1=n1 g2 g2
n2 1=n2
2
666666666666666664
3
777777777777777775
ð66Þ
and,
Fð4N1Þ ¼ 0;0; . . . ;0; u^ðsÞ½ T ð67Þ
Xð4N1Þ ¼ A11;B11;A12;B12 . . . ;AN1 ;BN1 ;AN2 ; BN2
h iT
ð68ÞEvaluating Eq. (65) provides the analytical (reference) solution. To
compare the homogenized response computed by the homogeniza-
tion models described in Section 4.1, we average the computed dis-
placement ﬁeld over each microstructure:
UnðsÞ ¼ 1
l
Z al
0
un1ðx; sÞdxþ
Z ð1aÞl
0
un2ðx; sÞdx
 !
ð69Þ
Substituting Eq. (51) into (69):
UnðsÞ¼1
l
An1ðn11ÞBn1
1
n1
1
  
1
c1
þ An2ðn21ÞBn2
1
n2
1
  
1
c2
 
ð70Þ
The dimension of the matrixM is 4N  4N, which indicates that the
computational cost of the reference solution increases as a function
of the number of microstructures along the heterogeneous body.
Computational time could therefore prohibit the evaluation of prob-
lems with a large number of microstructures. The analytical solu-
tion is only employed for the veriﬁcation of the nonlocal
homogenization model.
4.3. Inverse Laplace transform
Since all the associated ﬁelds are derived in the Laplace domain,
it is necessary to transform the response ﬁelds into the timedomain.
The numerical inverse Laplace Transform Method (Brancik, 1999),
which is based on Fast Fourier Transform and the -error algorithm
(Macdonald, 1964) is used for transforming the response ﬁelds to
the time domain. The inverse Laplace transform is deﬁned as,
f ðtÞ ¼ 1
2pi
Z cþi1
ci1
FðsÞestds ð71Þ
with the assumptions that, jf ðtÞj 6 Kebt , where, K is real and posi-
tive; t > 0; and ReðsÞ > b. The numerical inverse Laplace transform
is computed by Nv-term truncation, FðNv Þ of the transformed func-
tion values of FðsÞ, with the subscript Nv denoting the dimension
of the vector:
fðMv Þ ¼ CðMv Þ  2Re EðFFTðFðNv ÞÞÞ
  F0ðMv Þ	 
 ð72Þ
where,  denotes the Hadamard product of matrices, e.g. the ele-
ment-by-element product; EðÞ represents the -error algorithm,
and F0ðMv Þ is a Mv-element constant vector of c which can be com-
puted as,
c ¼ b X
2p
ln Er ð73Þ
X ¼ pð1 1=MvÞ=tm ð74Þ
where tm ¼ ðMv  1ÞTs and Mv ¼ Nv=2. Ts is the sampling period in
the time domain, Er the desired relative error, and:
CðMv ÞðkÞ ¼
X
2p
expðckTsÞ ð75Þ
FðNv ÞðnÞ ¼ Fðc  inXÞ; n ¼ 0;1; . . . ;Nv  1 ð76Þ
A more detailed description of the inverse Laplace transform meth-
od is presented by Brancik (1999).
4.4. Dissipated energy
The rate of dissipated energy density for the viscoelastic mate-
rial model using the Duhamel’s integral takes the following form
(Fung, 1965):
_Wdðx;y;tÞ¼
Z t
0
Z t
0
 _gðx;y;2ts1s2Þ;s1 ðx;y;s1Þ;s2 ðx;y;s2Þds1ds2
ð77Þ
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In the Laplace domain, the associated macroscopic strain,  is re-
lated to the associated displacement ﬁeld as follows,
ðx; y; sÞ ¼ u;x ð78Þ
Substituting Eq. (19) and the linearizions of u1; u2, and, u3 (i.e. Eqs.
(25), (37) and (40)), into Eq. (78), we can simplify the expression for
associated strain:
ðx; y; sÞ ¼ ð1þ H;yÞU;x þ fðHþ P;yÞU;xx þ f2ðPþ Q ;yÞU;xxx þ Oðf3Þ
ð79Þ
in which, the localization functions, ð1þ H;yÞ; ðH þ P;yÞ and ðP þ Q ;yÞ
are readily available through differentiation of the inﬂuence func-
tions and provided in Appendix A.
The reference solution provides the associated strain of phase i
in microstructure Xni as:
n
i ðxi; y; sÞ ¼ Ani ci expðcixiÞ  Bni ci expðcixiÞ; i
¼ 1;2 and n ¼ 1;2; . . . ;N ð80Þ
The rate of dissipated energy density is evaluated by inverting the
associated strain and substituting it into the real time domain using
the numerical inverse Laplace transform.
5. Numerical examples
A series of simulations have been conducted to assess the valid-
ity of the proposed nonlocal homogenization model and investi-
gate the energy dissipation characteristics of bimaterial
composites as a function of microstructural conﬁguration. The
capabilities of the model are veriﬁed against the analytical solution
of the original single scale boundary value problem and the classi-
cal local homogenization model.
The material moduli function that represents the material prop-
erties at the scale of microstructure is modeled as:
gðy; tÞ ¼
E1 if y 2 Hð1Þ
ke þ
Xn
i¼1
kiet=qi if y 2 Hð2Þ
8><
>: ð81Þ
where n is number of Prony series. In all cases below, the ﬁrst phase
is taken to be elastic, whereas the second phase is viscoelastic, mod-
eled by a Prony series approximation. The viscoelastic material ide-
alizes the response of the polyurea material. The material properties
of polyurea is provided by Amirkhizi et al. (2006) and summarized
in Table 1. Applying the Laplace transform to the modulus function
yields:
Eðy; sÞ ¼
E1 if y 2 Hð1Þ
E2ðsÞ ¼ ke þ
Xn
i¼1
kis
sþ 1qi
if y 2 Hð2Þ
8><
>: ð82Þ
The dissipated energy computations are conducted by taking
advantage of the Prony series approximation. The rate of dissipated
energy at the viscoelastic phase is expressed as:
_Wdðx; tÞ ¼
Xn
i¼1
ki
qi
idðx; tÞidðx; tÞ ð83ÞTable 1
Viscoelastic material parameters for polyurea (Amirkhizi et al., 2006).
k1 [MPa] k2 [MPa] k3 [MPa] k4 [MPa] ke [MPa]
37:8918 75:5328 161:0112 194:5216 44:8
q1 [ms] q2 [ms] q3 [ms] q4 [ms] q [kg/m
3]
463:4 0:06407 1:163 104 7:321 107 1070where,
idðx; tÞ ¼
Z t
0
exp ðt  sÞ=qið Þ _ds ð84Þ5.1. Model veriﬁcation: dispersion and dissipation
In this section, we verify the capability of the nonlocal homog-
enization model (NHM) in capturing the energy dissipation and
dispersion under dynamic loadings. The response of NHM is com-
pared to the classical homogenization model (CHM) and the ana-
lytical solution of the reference model (AS). The ratio of the
macroscopic and microscopic domain sizes (i.e., N) is set as 40.
The modulus of the elastic phase (phase 1) is taken as 1 GPa, and
the two phases have equal volume fractions (i.e., a ¼ 0:5).
First, we consider the response when the end of the bar is sub-
jected to step loading with magnitude M0 as illustrated Fig. 2a.
We evaluate the response of the bars with four different density
contrasts in the microstructure (i.e., / ¼ q1=q2 ¼ 1;2;5;10). The
normalized displacement histories as a function of the normalized
time (i.e., t=T where, T denotes the observation duration) are shown
in Fig. 3 for the four density ratios as computed using NHM, CHM
and the reference solutions. The displacement histories are re-
corded at 0.82L distance from the ﬁxed end of the bar. The ‘‘cycles’’
observed in Fig. 3 are due to the repeated reﬂections of the wave at
the ﬁxed and loaded boundaries of the domain. In Figs. 3a-d, a-d,
the distance between the displacement peak and trough at each cy-
cle reduces, indicating progressive attenuation of the wave. At the
asymptote of complete attenuation, the normalized displacement
at the control point approaches 0.82. This corresponds to the
uniform strain state induced by a quasi-statically applied unit
displacement at the loaded end. At all density ratios, the results
indicate good agreement between the nonlocal homogenization
approach and the reference solution. Figs. 3a-d illustrate that the
wave dispersion increases with the density ratio in the microstruc-
ture. While the nonlocal model accurately accounts for the wave
dispersion at high density ratios, the classical homogenization
model fails to capture the wave dispersions. Yet, the dissipation
patterns are accurately captured by CHM, which indicates that
the attenuation induced by wave dispersion is relatively small. In
other words, the dispersion induced attenuation can only be
captured by taking account of the higher order derivative term in
NHM, however the viscoelastic dissipation resulting from the visco-
elastic modulus is included in both the NHM and CHM.
In the simulations displayed in Fig. 3, the density ratios (i.e.,
/ ¼ 1;2;5;10) are set by increasing the density of the elastic
constituent, q1, while keeping the density of the viscoelastic con-
stituent, q2, constant. The density of the homogenized constituent,
q0, in Eq. (34) therefore increases as / is increased, leading to lower
wave velocity of the homogenized domain and slower propagation.
The effect of dispersion induced internal scattering on the propaga-
tion rate at high density ratios is relatively minor. This is because
the CHM model is able to capture the slower propagation of the
wave at high density ratios accurately, despite missing the disper-
sion effects.ũ
(t)
step function
t[s]
ũ(t)= M0sin(2πθt)
M0
t[s]
(a) (b)
Fig. 2. Applied boundary conditions.
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Fig. 3. Displacement histories under different density ratios when subjected to step loading.
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sinusoidal loading as illustrated in Fig. 2b. The applied loadings is
parameterized by the magnitude,M0 and the frequency, h. The den-
sity ratio, / of the heterogeneous bar is set to 10. Fig. 4 shows the
normalized displacement history for identical heterogeneous bars
vibrating at four different frequencies (h ¼ 10;30;50; and 70 Hz)
recorded at 0.82L distance from the ﬁxed end of the specimen. At
relatively low frequency loading (e.g., h ¼ 10 Hz), the classical and
the nonlocal homogenization models capture the response reason-
ably accurately, with the exception of the phase shift and accompa-
nying reduction in the peak amplitude originating from the wave
reﬂections at the ﬁxed end. At higher frequency loading
(h ¼ 30 50 Hz), the attenuation due to heterogeneity induced
wave dispersions becomes signiﬁcantly more pronounced since
the shorter wavelength events reﬂect at the bimaterial interfaces,
dissipating energy in the viscous phase. At the highest considered
frequency (i.e., h ¼ 70 Hz), the wave dissipates within a short dis-
tance from the applied loading. CHM clearly cannot predict such a
attenuation phenomena as apparent in Fig. 4. At high frequency
loading, the microscopic dynamics is critical for accurate modeling
of dispersive behavior. These observations are reinforced by the dis-
sipated energy density comparison computed at the inspection
point on the bar (0.82L distance from the ﬁxed end of the specimen)
under sinusoidal loadings as shown in Fig. 5. The energy dissipation
prediction by NHM is in reasonable agreement with the reference
solution for the entire applied loading frequency range, whereas
CHM is applicable only for low frequency loadings. The overpredic-
tion of dissipation density by CHM at high frequencies at the
inspection location reﬂects the presence of spurious high amplitude0 0.2 0.4 0.6 0.8 1
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0
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Fig. 4. Displacement histories under different loadingwaves traveling through the material. The nonlocal model dissi-
pates all high frequency waves prior to reaching the inspection
point.
In addition to the favorable accuracy of the nonlocal homogeni-
zation model demonstrated above, it is computationally signiﬁ-
cantly more efﬁcient compared to the reference simulation.
While NHM employs a single equilibrium equation in the evalua-
tion of the dynamics response, the reference model requires the
solution of a 4N  4N system of equations leading to signiﬁcant
computational cost. For instance, when 500 microstructures are in-
cluded in the problem (i.e., N ¼ 500), the computational time re-
quired to solve the reference problem is three orders of
magnitude larger than the nonlocal model. Such an analysis re-
quired approximately two minutes computation time for the non-
local homogenization model using a single workstation, whereas
several days were required to complete the same analysis based
on the reference solution. This drawback makes using the analyti-
cal solution for simulating responses in structures having a large
number of microstructures intractable, and the nonlocal homoge-
nization is favorable compared to the CHM and the reference solu-
tion by providing accurate predictions at both scales while
maintaining satisfactory time efﬁciency.
5.2. Effect of microstructure on energy dissipation
In this section, we investigate the dispersive-dissipative wave
propagation response for the effect of microstructure on the energy
dissipation characteristics. A steel-polyurea composite bar is con-
sidered. The material properties of the viscoelastic polyurea phase0 0.2 0.4 0.6 0.8 1
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frequencies when subjected to sinusoidal loading.
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Fig. 5. Dissipated energy density histories under different loading frequencies.
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Fig. 6. Macrostructural analysis of the displacements for different microstructures.
46 T. Hui, C. Oskay / International Journal of Solids and Structures 50 (2013) 38–48are summarized in Table 1. The density and modulus of the elastic
steel phase are set to q1 ¼ 7847 kg/m3 and E1 ¼ 200 GPa, respec-
tively. The bar is subjected to a sinusoidal loading with the loadingfrequency of h ¼ 80 Hz. The ratio of the macroscopic and micro-
scopic domain sizes is set as N ¼ 20. The dynamics response of
the composite is investigated for six microstructural conﬁgurations
T. Hui, C. Oskay / International Journal of Solids and Structures 50 (2013) 38–48 47(a ¼ 0:1;0:25;0:4;0:6;0:75 and 0:9). Nonlocal homogenization
model is employed to predict the responses.
Fig. 6 displays the normalized displacement proﬁles as a func-
tion of time and position for the duration of the dynamic loading.
When the microstructure consists largely of the polyurea or the
steel phase (i.e., a ¼ 0:1 and a ¼ 0:9, respectively), wave propaga-
tion extends throughout the length of the bar. The energy dissipa-
tion in the polyurea dominated bar (i.e., a ¼ 0:1) is observed at
further distance from the excited boundary, whereas small amount
of dissipation is observed in the steel dominated bar (i.e., a ¼ 0:9).
For intermediate conﬁgurations with comparable polyurea and
steel volume fractions (i.e., a ¼ 0:25;0:4;0:6 and 0:7), the propaga-
tion attenuates within approximately a tenth of the bar, pointing to
strong dissipation characteristics activated by the microstructural
conﬁguration. The results indicate that the energy dissipation char-
acteristics of the composite steel-polyurea system with balanced
volume fractions are even more favorable than conﬁgurations
dominated by the viscous polyurea phase.
6. Conclusion
This manuscript presented a nonlocal dispersive model for the
dynamic response of viscoelastic heterogeneous materials. The
proposed model is based on the mathematical homogenization
theory with multiple spatial scales applied in the Laplace domain.
Asymptotic expansions of the response ﬁelds of up to fourth order
are included in the homogenization formulation to account for the
wave dispersions induced by the microstructural heterogeneity.
Numerical veriﬁcations indicate that the proposed nonlocal model
accurately accounts for the dispersion and dispersion induced
attenuation under a wide range of loading and material parame-
ters, which cannot be modeled using the classical homogenization
model. In addition, the nonlocal homogenization model provides a
high level of computational efﬁciency by eliminating the temporal
and microscopic coordinates. The nonlocal model is used to dem-
onstrate that the microstructural conﬁguration may have a signif-
icant impact on the energy dissipation characteristics of
heterogeneous materials under dynamic loading conditions.
From the modeling point of view, additional challenges remain
that will be addressed in the near future. The model is developed in
the context of one-dimensional problems, and will be generalized
to the higher dimensions. Extending the proposed approach to
higher dimensions requires computational methods rather than
the analytical solutions derived in this manuscript, due to the com-
plexity of microstructures. Extending the model to higher dimen-
sions naturally opens the possibility of exploring a wider
parameter space of microstructure design for devising microstruc-
tural conﬁgurations with favorable energy dissipation
characteristics.
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The localization functions: 1þ H;yðy; sÞ; Hðy; sÞ þ P;yðy; sÞ and
Pðy; sÞ þ Q ;yðy; sÞ in Eq. (79) are derived and shown as follows:
1þ H1;yðy; sÞ ¼ E0E1 ðA:1Þ
1þ H2;yðy; sÞ ¼ E0E2 ðA:2ÞH1ðy; sÞ þ P1;yðy; sÞ ¼ E0ð1 aÞðq1  q2Þ2q0E1
ð2y a^lÞ ðA:3Þ
H2ðy; sÞ þ P2;yðy; sÞ ¼ E0aðq1  q2Þ2q0E2
ðð1þ aÞ^l 2yÞ ðA:4ÞP1ðy; sÞ þ Q1;yðy; sÞ ¼
E20ð1 aÞ E1ð2q1 þ q0Þ þ E2ðq1 þ q2  q0Þ½ 
2q0E
2
1E2
ðy2  a^lyÞ  E
3
0ð1 aÞa^l2
12q0E
3
1E
2
2
 ð1 aÞ2E21 þ a2E22
 
ðq0  q1  q2Þ
h
 E1E2 ð2a3  4a2 þ aÞq1  ð2a3  2a2  aþ 1Þq2
  ðA:5Þ
P2ðy; sÞ þ Q2;yðy; sÞ ¼
E20a E1ðq0  q1  q2Þ þ E2ð2q2  q0Þ½ 
2q0E1E
2
2
ðð^lþ a^lÞy y2Þ þ E
3
0a^l2
12q0E
2
1E
3
2


1 3aþ 3a2 þ a3 
q0  q1  q2ÞE21 þ a2 1þ 4aþ a2
 
q1

 6þ 5aþ a2 q2E22þE1E2 ðaþ 7a2  6a3  2a4Þq1
þ 1 4aþ a2 þ 8a3 þ 2a4Þq2
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